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Abstract
In this paper we exploit the monomiality principle to discuss and introduce a new class of Laguerre–
Konhauser polynomials. We study their properties (differential equations, generating functions, recurrence
relations, expansions and so on), and discuss the link with ordinary case.
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1. Introduction
The interplay between operational methods of Lie-type, differential equations and the gener-
alized special functions offers a powerful tool to introduce a new classes of polynomials together
with a new classes of differential equations. Indeed the theory of generalized Laguerre, Bessel,
Hermite and Legendre polynomials has witnessed a rather significant evolution during the last
years (see [2–7]). In [5] Dattoli and Torre introduced Laguerre polynomials of two variables in
the form




(k!)2(n − k)! , (1.1)
together with the use of the operational techniques, combined with the principle of monomial-
ity [5], which provided new means of analysis for the derivation of the solution of large classes of
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cations and generalizations of Laguerre polynomials Ln(x, y) are considered by Dattoli et al. [3]
in the forms:




k!(n − k)!(ρ + k + 1) , (1.2)








(ρ + n + 1) 1Ln,ρ(−x,1), L
(0)
n (x, y) = Ln(x, y),
L(m)n (x, y) = ynLmn (x/y). (1.4)
For the purpose of this our present study, we recall here the following explicit expression for
the Konhauser polynomials Zαn (x; k) [9]:
Zαn (x; k) =










(ks + α + 1) , α > −1, k = 1,2, . . . . (1.5)
For k = 1, these polynomials reduces to the Laguerre polynomials L(α)n (x) and their special
case when k = 2, were encountered earlier by Spencer and Fano [11] in certain calculation in-
volving penetration of gamma rays through matter.
Motivated by the above mentioned results of Dattoli and Konhauser we aim here at presenting
a new class of Laguerre–Konhauser polynomials of two variables and exploit the monomiality
principle to discuss various properties of these polynomials.
2. Laguerre–Konhauser polynomials
Let us consider the generating function
f (x, y; t) = (1 − t(1 − Dˆ−ky ))−λ 1F1
[
λ;α + 1; −xt
1 − t (1 − Dˆ−ky )
]{
xαyβ











is the confluent hypergeometric series [12]. Making use of the series representation (2.2), the
binomial theorem and applying the result (see e.g. [1]):
Dnxx
a = (a + 1)
(a − n + 1)x
a−n, where  is Gamma function,
we can conclude that
f (x, y; t) =
∞∑ (λ)n
n!
{ ∞∑ n∑ (λ + n)s(−1)r (−n)sxr+αyks+β
s!r!(α + r + 1)(ks + β + 1)
}
tn+s .n=0 r=0 s=0
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(
1 − t(1 − Dˆ−ky ))−λ 1F1
[
λ;α + 1; −xt
1 − t (1 − Dˆ−ky )
]{
xαyβ










where kL(α,β)n (x, y) is the generalized Laguerre–Konhauser polynomials defined by
kL
(α,β)






s!r!(n − s − r)!(α + r + 1)(ks + β + 1) , (2.4)
where k = 1,2, . . . , (α,β) ∈R.
In the special case when λ = α + 1, the generating relation (2.3) simplifies at once to the
elegant result:
[
1 − t(1 − Dˆ−ky )]−α−1 exp
[ −xt
1 − t (1 − Dˆ−ky )
]{
xαyβ





(α + 1)n kL(α,β)n (x, y)
tn
n! . (2.5)

















= L(m)n (x, y), (2.7)





n (0, y) = Zβn (y; k), (2.8)





n (x,0) = L(α)n (x), (2.9)
1L
(0,0)
n (x,0) = Ln(x). (2.10)
Further, in view of relations (2.8) and (2.9), we may write the series representation (2.4) in
the more elegant forms:
kL
(α,β)












s!(α + n − s + 1)(ks + β + 1) . (2.12)






(a) : (b); (c);














1, if m = 0,
a(a + 1) · · · (a + m − 1), if m = 1,2, . . . ,
we can easily derive the following explicit representation for the generalized Laguerre–
Konhauser polynomials kL(α,β)n (x, y):
kL
(α,β)
n (x, y) =
xαyβ















, . . . , λ+k−1
k
, k  1.
Moreover, according to the inverse operator Dˆ−1z we can rewrite kL
(α,β)













(α + 1)(β + 1)
}
, (2.14)
which further yields the Rodrigues-type relation
(
1 − Dˆ−1x − Dˆ−ky
)n{ xαyβ
(α + 1)(β + 1)
}
= kL(α,β)n (x, y). (2.15)
Directly, from (2.14), by exploiting the same procedure leading to Eq. (2.15), we can es-
tablish the following operational connecting relationships of kL(α,β)n (x, y) with the ordinary
one-variables associated Laguerre polynomials L(α)n (x) and Konhauser polynomials Zβn (y; k):
kL
(α,β)
n (x, y) =
n!yβ
















n (x, y) =
n!xα













Yet, another interesting operational formula for kL(α,β)n (x, y) can be derived, as a consequence





n (x, y) =
xαyβ











On the other hand, if we employ the result:
Dr+sx xn =
n!xn−s−r
(n − s − r)! ,
we get
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(α + 1)(β + 1) 0F1
[−;α + 1;−x2Dˆx]e−DˆxDˆ−ky {xnyβ}









(α + 1)(β + 1) 0F1
[−;α + 1;−x2Dˆx]× kFk[Δ(k;1);Δ(k;β + 1);−DˆxDˆ−ky ]{xn}







Alternatively, if we interchange the role of the operators Dˆx and Dˆy , we can show that:
yβ












































The two series and two variable Laguerre polynomials kL(α,β)n (x, y) are quasi-monomials
under the action of the operators
Mˆ = 1 − Dˆ−1x − Dˆ−ky , (2.21)




According to the quasi-monomiality properties, we have
Mˆ kL
(α,β)
n (x, y) = kL(α,β)n+1 (x, y), (2.24)
Pˆ1 kL
(α,β)
n (x, y) = n kL(α,β)n−1 (x, y), (2.25)
Pˆ2 kL
(α,β)
n (x, y) = n kL(α,β)n−1 (x, y), (2.26)
1
2
(Pˆ2 + Pˆ1) kL(α,β)n (x, y) = n kL(α,β)n−1 (x, y), (2.27)
which can be combined to prove that kL(α,β)n (x, y) satisfy the following differential equation:[




n (x, y) = 0, (2.28)[




n (x, y) = 0.
(2.29)
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kL
(α,β)




















n (x, y). (2.30)










n (x, y) = kL(α,β−1)n (x, y). (2.31)










n (x, y) = kL(α,β−m)n (x, y). (2.32)
Similarly, we can show that
Dˆ−mx kL(α,β)n (x, y) = kL(α+m,β)n (x, y), Dˆ−my kL(α,β)n (x, y) = kL(α,β+m)n (x, y). (2.33)
From the lowering operators Pˆ1 and Pˆ2, we can define operators playing the role of the inverse
operators Pˆ−11 and Pˆ
−1
2 (see [2, Eq. (15)]). Thus, we get
Pˆ−11 = −xαDˆ−1x x−(α+1)Dˆ−1x , (2.34)





















}= kL(α,β)n (x, y). (2.37)
Next, regarding the Lie bracket [ , ] defined by [A,B] = AB − BA, we led to
[Pˆ1, Mˆ] kL(α,β)n (x, y) = kL(α,β)n (x, y), [Pˆ2, Mˆ] kL(α,β)n (x, y) = kL(α,β)n (x, y). (2.38)
3. More generating functions



















































, (3.2)(β + 1) (β + 1) k





s!(α + s + 1) ,







s!(ks + β + 1) ,
where
(ks + β + 1)









, k = 1,2, . . . ,
is the generalization of the classical Bessel functions due to Wright [13], the generating func-








































(α + 1)(β + 1)
1
(1 − t) 1F1
[














Next, on account of the identity:
[
1 − t(1 − Dˆ−ky )]−λ yβ(β + 1)
= y
β



























− : α + 1;Δ(k;β + 1); −
tx
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Then, it is easily seen that










Upon replacing the summation indices m and n by m + p and n − p − q , respectively, if we















n (x, y). (3.9)
Now, let us denote the special case of kL(α,β)n (x, y), when α = β = 0, by kLn(x, y). Then, it
is worth pointing out the following identities:
Dˆ−αx Dˆ−βy kLn(x, y) = kL(α,β)n (x, y),
(
1 − Dˆ−1x − Dˆ−ky
)n = kLn(x, y). (3.10)
Next, consider the Rainville generating function






By using the second equation in (3.10), we get
f (x, y; t) = et[1−Dˆ−1x −Dˆ−ky ] kLn(x, y), (3.12)














n (x, y). (3.13)
4. Expansions
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1L
(α,β)










m (x − 1, x + 1) =
2nn!(x − 1)α(x + 1)β
(α + n + 1)(β + n + 1)P
(α,β)
n (x). (4.3)






(n − m)!(α + 1)mL
(α)
n (x). (4.4)












m (x, y). (4.5)





p!(n − p + 1)!Bp(x), (4.6)
















(α + 1)p−qBq kL(α+p−q,β)p (x, y). (4.7)






x f (x) = f (x + z), (4.8)






















}= kL(α,β)n (x, y + w). (4.10)











x−α kL(α,β)n−m (x, y)







x−α−m kL(α+m,β)n−m (x, y)
}= kL(α,β)n (x, y + w). (4.12)
For z = −x (w = −y), results (4.9)–(4.12) would reduce immediately to curious results since
x (y), does not appear on the right-hand side of Eqs. (4.9)–(4.12). According to relationships
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identities for Laguerre polynomials L(α)n (x) and Konhauser polynomials Zβn (y; k) as follows:
n!xαL(α)n (x)




























(n!)2xαyβZβn−m(y; k) × L(α)n−m(x)
(α + n − m + 1)(kn − km+ β + 1)
}
. (4.15)






















On letting s → s − m and r → r − m, employing the Gaussian theorem
2F1[a, b; c;1] = (c − a − b)c
(c − a)(c − b) , Re(c − a − b) > 0, Re(c) > 0,










(n!)2xαyβZβn−m(y; k) × L(α)n−m(x)
(α + n − m + 1)(kn − km + β + 1)
}
= kL(α,β)n (x, y).
(4.17)
Alternatively, we can show that















= Zβn (y; k) × L(α)n (x). (4.18)
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